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ABSTRACT
The Sobolev method has been a p p lie d  to  th e  s o lu t io n  o f  th e  s t a t i s ­
t i c a l  r a te  e q u a tio n s  fo r  m u l t i - le v e l  r e p re s e n ta t io n s  o f  s in g ly  io n iz e d  
s i l i c o n  and n e u tr a l  hydrogen fo r  v a rio u s  models o f  supernova en v e lo p es . 
The p h y s ic a l models a re  based  on th e  power law models o f  Branch [1977], 
The e le c tro n  tem p era tu re  in  th e  envelope i s  tak en  as iso th e rm a l o r  as 
d ec rea s in g  outward in  th e  envelope as d e riv e d  fo r  a g ray , s p h e r ic a l  
atm osphere. R ad ia tio n  i s  t r e a te d  fo r  two c a s e s . In th e  d i lu te  c a se , 
th e  r a d ia t io n  f i e l d  i s  sim ply  th e  d i lu t e  p h o to sp h e ric  r a d ia t io n  excep t 
when th e  continuum becomes o p t i c a l ly  th ic k  where i t  i s  rep laced  by th e  
d i f f u s e  r a d ia t io n  f i e l d  in  th e  approx im ation  given by C as to r and Van 
Blerkom [1970]. In  th e  d isco n tin u o u s  o p a c ity  c a se , th e  s iz e  o f  th e  
pho tosphere  i s  a llow ed  to  ex tend  in d e f in i t e ly  f o r  freq u e n c ie s  g r e a te r  
th a n  some t r a n s i t i o n  freq u en cy . Thus, some l in e s  and co n tin u a  a re  
t r e a te d  in  th e  d i l u t e  case  w hile  o th e rs  see  o n ly  th e  lo c a l  r a d ia t io n .
In a l l  cases th e  r e s u l t in g  source  fu n c tio n s  and l in e  o p t ic a l  d ep th s  a re  
compared to  th o se  o b ta in ed  by le s s  d e ta i le d  c a lc u la t io n s  w ith  good 
agreem ent.
v i ix
NON-LTE EFFECTS IN SUPERNOVA ENVELOPES 
CHAPTER I 
INTRODUCTION
Supernovae have been recogn ized  as a d i s t i n c t  c la s s  o f  
c e l e s t i a l  o b je c ts  s in ce  Baade and Zwicky proposed  th e  name in  1934 
[Baade and Zwicky, 1934]. They a re  s t e l l a r  o b je c ts  which, l ik e  
novae, suddenly  become v e ry  b r ig h t  and then  fade over a p e r io d  o f  
tim e . However, by th e  s tu d y  o f  bo th  ty p es  in  nearby  g a la x ie s  
[Zwicky, 1965], i t  i s  c le a r  th a t  supem ovae a re  over one thousand 
tim es b r ig h t e r  th a n  novae. The b r ig h t e s t  novae may ach ieve  a 
lu m in o s ity  one m il l io n  tim es b r ig h te r  th an  t h a t  o f  th e  sun, so su p e r­
novae a re  o v e r one b i l l i o n  tim es b r ig h t e r  th an  th e  sun . The lum i­
n o s i t i e s  o f  whole g a la x ie s  range from 10® to  10^^s o la r  lu m in o s it ie s .  
Thus, a s in g le  supernova may r iv a l  o r exceed i t s  p a re n t galaxy  in  
b r ig h tn e s s .
The s tu d y  o f  supem ovae i s  hampered by t h e i r  r e l a t i v e  in freq u en cy . 
In  o u r own g a lax y  th e re  h as  been an average o f  one p e r  250 y ea rs  v i s ­
i b l e  from e a r th  b ased  on reco rd s  o v er rough ly  th e  p a s t  2000 y ea rs  
[C lark  and S tep h en so n , 1976], th e  l a s t  b e in g  observed  by K epler in  
1604, P r e s e n t ly ,  somewhat over 20 supem ovae a re  d isco v ered  each y ea r
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in  o th e r  g a la x ie s .  I t  i s  from th e se  supem ovae th a t  o b se rv a tio n s  a re  
drawn which p ro v id e  c lu e s  to  t h e i r  n a tu re .
The o b se rv a tio n a l q u a n t i t ie s  o f  supem ovae which we have to  work 
w ith  a re  t h e i r  l ig h t  curves ( th e  tim e v a r ia t io n  o f  th e  lu m in o s i t ie s ) ,  
the  v a r ia t io n  o f  t h e i r  c o lo rs  w ith  tim e and t h e i r  s p e c tra .  From 
th e s e ,  i t  has been found th a t  supem ovae can be d iv id ed  in to  two ty p e s . 
Type I and Type I I  [Minkowski, 1941], a lthough  o th e r  ty p es  have been 
suggested  to  e x p la in  p e c u l ia r  supem ovae [Zwicky, 1965].
Type I supem ovae a re  c h a ra c te r iz e d  by th e  fo llo w in g : a) The
l ig h t  curves a re  a l l  very  s im i la r .  Follow ing maximum l ig h t  ( th e  tim e 
o f  peak lu m in o sity ) th e re  i s  a ra p id  drop in  lu m in o s ity  fo r  about 20 
days. This i s  fo llow ed by a more g e n t le ,  e x p o n en tia l decay in  lum in­
o s i ty .  An average Type I l ig h t  cu rv e , fo llo w in g  Barbon e t .  a l .  [1973], 
i s  shown in  F igure  l a .  b) The c o lo rs  a re  b lu e  a t  maximum l i g h t ,  
su g g es tin g  a tem p era tu re  o f  over 10,000 K, and redden w ith  in c re a s in g  
tim e , c) The s p e c tra  show s tro n g , broad f e a tu re s  n e a r  maximum l i g h t ,  
bu t th e  p re sen ce  o f  hydrogen i s  q u e s tio n a b le  a t  b e s t .
For Type I I  supem ovae, th e  fo llo w in g  c h a r a c te r i s t i c s  ap p ly : a) The
l i g h t  curves v ary  g re a t ly  from one supernova to  th e  n e x t, b u t th e y  do 
n o t resem ble th o se  o f  Type I .  A "norm al" Type I I  l i g h t  c u rv e , fo llo w in g  
Barbon e t .  a l .  [1979], i s ,  n o n e th e le s s , shown in  F igu re  lb .  The 
" sh o u ld e r"  in  th e  l ig h t  curve i s  u s u a l ly  p re s e n t a lthough  i t s  d u ra tio n  
and s lo p e  can v ary  g re a t ly .  Type I I  supem ovae appear to  be rough ly  
th re e  tim es f a i n t e r  th an  Type I a t  maximum l i g h t  [Branch and B e t t i s ,
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mum l i g h t ,  su g g es tin g  a la r g e r  te m p e ra tu re , c j The s p e c tra  a re  n e a r ly  
f e a tu r e le s s  a t  maximum l i g h t .  As tim e p ro g re s s e s , th e  Balmer l in e s  b e ­
come s tro n g  and o th e r  l in e s  ap p ea r.
The bulk  o f  ou r u n d e rs tan d in g  o f in d iv id u a l s t a r s  comes from th e  
i n te r p r e ta t io n  o f  t h e i r  s p e c tra .  S p e c tra  o f  supernovae were ta k en  as 
e a r ly  as 1895 [Johnson, 1936]. However, th e se  s p e c t r a  have o n ly  re c e n t ly  
become in te r p r é ta b le ,  in  p a r t ,  t h i s  i s  due to  accep tan ce  o f  a therm al 
model f o r  th e  envelopes around supernovae n e a r maximum l i g h t .  The 
essence  o f  t h i s  model i s  th a t  th e  continuum r a d ia t io n  i s  produced by a 
r a p id ly  expanding, c o o lin g  pho to sp h ere  [Arp, 1961; P sk o v sk ii, 1969].
The l in e s  a re  produced by s c a t te r in g  in  the  d i f f e r e n t i a l l y  expanding 
atm osphere above th e  p h o to sp h e re , y ie ld in g  ty p ic a l  P-Cygni p r o f i l e s .
These p r o f i l e s  have an em ission  p a r t  about th e  r e s t  w avelength  o f  the  
l in e  and an a b so rp tio n  p a r t  b lu e s h i f te d  by ro u g h ly  th e  v e lo c i ty  o f  th e  
envelope where th e  l in e  i s  formed. This can be un d ers to o d  by look ing  a t  
s u rfa c e s  o f  c o n s ta n t l in e - o f - s ig h t  v e lo c i ty  in  th e  expanding envelope.
In c y l in d r ic a l  c o o rd in a te s  (z , p , cj)J w ith  th e  z -a x is  a long  th e  l in e  o f  
s ig h t ,  th e  l i n e - o f - s ig h t  v e lo c i ty  a t  some p o in t ,  R = (z^ + p ^ ]^ , in  th e  
envelope i s  g iven  by
Vg = V (R ]| Eq. 1
But fo r  V(R] “  R, as expected  a f t e r  an ex p lo s io n ,
V, “  z Eq. 2z ^
T h e re fo re , th e  s u r fa c e s  o f  c o n s ta n t v e lo c i ty  a re  p la n e s  p e rp e n d ic u la r  to  
th e  z - a x is .  T h is  i s  i l l u s t r a t e d  in  F igure  2 showing th e  r e la t io n s h ip  
between th e se  su rfa c e s  and a ty p ic a l  p r o f i l e .  For rea so n s  to  be ex-
y, > o
+o o b s e r v e r
■X.
F ig u re  2 . S u rfa ce s  o f  C o nstan t V e lo c ity  and P-Cygni P r o f i l e .
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p la in e d  l a t e r ,  l i n e s  can be ex p ec ted  to  form q u i te  n e a r  th e  p h o to sp h ere . 
Thus, id e n t i f y in g  a  l in e  h av ing  an a b so rp tio n  component g iv es  a  m easure 
o f  th e  v e lo c i ty  o f  th e  m a te r ia l  a t  th e  p h o to sp h ere , Vp. The i d e n t i f i c a ­
t io n  o f  th e  S i I I  X6355 l in e  in  Type I supem ovae has in d ic a te d  Yp -  
11,000 km/s [B ranch, 1977], w h ile  hydrogen l in e s  in  Type I I  supem ovae 
have in d ic a te d  Vp = 7,000 km/s [P a tc h e t t  and Branch, 1972].
The ra d iu s  o f  th e  p h o to sp h e re , Rp, as a  fu n c tio n  o f  tim e can be 
in v e s t ig a te d  by th e  method f i r s t  su g g es ted  by Baade [1926] fo r  v a r ia b le  
s t a r s .  In i t s  s im p le s t  form, th e  r a t i o  o f  th e  ra d iu s  a t  one tim e to  t h a t  
a t  a n o th e r  i s  found from th e  S tefan-B oltzm ann  law , w here, f o r  a b la c k -  
body o f  ra d iu s  R and a tem p e ra tu re  T, th e  lu m in o s ity  i s  g iven by
L = 4ttR2oT'‘ Eq. 3
so t h a t
R /R g  = Eq. 4
where s u b s c r ip ts  r e f e r  to  th e  v a lu e s  a t  two d i f f e r e n t  t im e s . I f  th e  
v e lo c i ty  as a fu n c tio n  o f  tim e  i s  known, th e  d if f e r e n c e  in  r a d iu s ,
R^-R^, can be found by in te g r a t in g  th e  v e lo c i ty  o ver tim e . Thus, th e  
a c tu a l  r a d i i  and , from E quation  3, th e  a c tu a l  lu m in o s ity  may be found. 
S ince  we a re  d e a lin g  w ith  a s in g le  o b je c t  a t  a f ix e d  d is ta n c e ,  th e  
r a t i o  o f  th e  i n t r i n s i c  lu m in o s it ie s  i s  g iven  by th e  r a t i o  o f  th e  ob­
se rv ed  lu m in o s i t ie s . .  The (b lackbody j tem p e ra tu re  can be d e riv ed  from th e  
c o lo r s .  In  p r a c t i c e ,  lu m in o s it ie s  a re  o n ly  observed  in  c e r ta in  frequency  
ban d s, b u t th e  b a s ic  p r in c ip le  s t i l l  a p p l ie s .  In  a fa sh io n  l ik e  t h i s .  
Branch [1977, 1979] has shown th a t  Rp in c re a s e s  l i n e a r ly  w ith  tim e fo r  
Type I up to  about 20 days p a s t  maximum l i g h t ,  w hile  t h i s  i s  ro u g h ly
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t r u e  fo r  Type I I  supem ovae up to  about 1 -1 /2  months p a s t  maximum l i g h t .  
The pho tosphere  i s  f ix e d  in  th e  m a te r ia l  f o r  Type I w h ile  f o r  Type I I  
supem ovae th e  pho tosphere  s lo w ly  f a l l s  back w ith  r e s p e c t  to  th e  medium 
[K irsh n er and Kwan, 1974].
Support f o r  th e se  co n c lu s io n s  comes from s tu d ie s  o f  supem ova 
hydrodynam ics, A good review  o f  t h i s  to p ic  has been w r i t t e n  by 
C h ev a lie r  [1980]. I t  i s  found th a t  i f  to  10®  ̂ e rg s  a re  d ep o s ited
a t  th e  c e n te r  o f  a m assive s t a r ,  a shock wave i s  p ro pagated  outward 
which leav es  behind  a d i f f e r e n t i a l l y  expanding envelope w ith  v e lo c i ty  
p ro p o r tio n a l to  r a d iu s ,  each mass elem ent c o as tin g  a t  a c o n s ta n t v e lo c i ty  
[L asher, 1975; C h ev a lie r , 1976; Falk and A rn e tt ,  1977; Weaver and 
W oosley, 1978].
The nex t s te p  in  th e  p ro c e ss  o f  u n d e rs tan d in g  supem ovae i s  th e  
q u a n t i ta t iv e  a n a ly s is  o f  t h e i r  s p e c t r a .  This i s  im p o rtan t f o r  s e v e ra l 
re a so n s . F i r s t ,  supem ovae a re  expected  to  be a p rim ary  s i t e  f o r  th e  
ex p u ls io n  o f  th e  p ro d u c ts  o f  n u c le o s y n th e s is . Thus, th e  chem ical 
com position  o f  supernova envelopes i s  im portan t f o r  u n d e rs tan d in g  th e  
s o la r  abundances o f  e lem ents and th e  chem ical e v o lu tio n  o f  g a la x ie s  
[T in s le y , 1977b].
Supem ovae a re  a lso  an im p o rtan t to o l  in  cosmology. I f  th e  in ­
t r i n s i c  lu m in o sity  o f  a  supem ova can be determ ined , th e  ap p aren t 
lu m in o s ity  th en  g ives th e  d is ta n c e  w hich, w ith  th e  r e d s h i f t  o f  th e  
p a re n t g a lax y , can be used to  determ ine Ho, th e  expansion r a t e  o f  th e  
u n iv e rs e . This has been done fo r  in d iv id u a l supem ovae [K irsh n e r and 
Kwan, 1974; Schurraann e t .  a l . ,  1979] and f o r  com posite l i g h t  curves
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and c o lo rs  [Branch and P a t c h e t t , .1973; Branch, 1977, 1979]. S ince 
supem ovae a re  so b r ig h t ,  th e y  may be a b le  to  probe f a r  enough in to  
th e  u n iv e rse  to  measure qo, th e  d e c e le r a t io n  p a ram ete r, as suggested  
by Wagoner [1977], fo r  example. However, th e  r a d i i  and tem p era tu res  
used to  determ ine  th e  lu m in o sity  by th e  Baade method a re  d e riv ed  from 
th e  s p e c tra  and co lo rs  and th u s  a re  s u s c e p t ib le  to  assum ptions about 
th e  s p e c tra .
Giver, th e  p h y s ica l c o n d itio n s  ex pec ted  in  th e  envelope [C hapter I I ) ,  
lo c a l  thermodynamic e q u ilib riu m  (LTE) c o n d itio n s  a re  n o t to  be ex­
p e c te d , so th a t  l in e  i n t e n s i t i e s  may n o t be c a lc u la te d  in  th e  u sual 
fa sh io n . In s te a d , th e  s t a t i s t i c a l  r a t e  eq u a tio n s  must be so lved  to  f in d  
th e  le v e l  p o p u la tio n s  a t  each p o in t in  th e  envelope . N orm ally, t h i s  
in v o lv es  th e  sim ultaneous s o lu tio n  f o r  th e  t r a n s f e r  o f  l in e  r a d ia t io n  
and th e re fo re  a  la rg e  s c a le  i t e r a t i v e  p ro ced u re . However, because o f  
th e  ra p id  d i f f e r e n t i a l  expansion o f th e  envelope , l in e  t r a n s f e r  may be 
t r e a te d  as developed by Sobolev [1960] and C asto r [1970]. Photons 
g e n e ra te d  a t  a  p o in t a re  e i th e r  reab so rb ed  lo c a l ly  o r  a re  D oppler- 
s h i f t e d  ou t o f  resonance and th en  e i t h e r  s t r i k e  th e  pho tosphere  o r  
escape  co m p le te ly . This a llow s th e  r a d ia t io n  f i e ld  to  be t r e a te d  in  a 
lo c a l  fa sh io n .
There have been many a t te n ç ts  a t  l i n e  id e n t i f i c a t io n  in  supem ovae 
n e a r  maximum l i g h t  based on LTE p o p u la tio n s  o r  comparison w ith  novae.
For a  good review  o f  t h i s  to p ic ,  see  Oke and S e a rle  [1974]. More 
re c e n t  p apers  have b u i l t  on th e  e a r l i e r  view s [M ustel*, 1975; P a tc h e t t  
and Wood, 1976; K irshner e t .  a l . , 1976; Assousa e t .  a l .  1976; C ia t t i
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and R osino, 1977a, 1977b]. Some non-LTE c a lc u la t io n s  u s in g  th e  Sobolev 
method have been p re se n te d  by K irsh n er and Kwan [1974] and Gordon [1975] 
fo r  one month p a s t  maximum l i g h t .  However, th e  u n d ers tan d in g  o f  c e r ta in  
l in e s  i s  c r u c ia l  in  un d ers tan d in g  su p em ovae . The i d e n t i f i c a t i o n  o f  
th e  X6355 l in e  o f  S i I I  has been used  to  determ ine  th e  p h o to sp h e ric  ve­
lo c i ty  o f  Type I .  The l in e  ap p ears  to  be unblended and i s  s tro n g  
th roughou t th e  p e r io d  n e a r  maximum l i g h t .  I t  i s  im portan t to  know 
w hether th i s  i d e n t i f i c a t i o n  can be v e r i f i e d  w ith  a rea so n a b le  p h y s ic a l 
model o f  th e  envelope . I f  so , th e  l in e  p r o f i l e  w i l l  be u se fu l f o r  ex­
p lo r in g  th e  s t r u c tu r e  o f  th e  envelope. When l in e s  b eg in  to  appear in  
Type I I  supem ovae, th e  Balmer l in e s  a re  dom inant, w h ile  th e y  a re  appar­
e n t ly  com plete ly  m issing  in  Type I .  I t  i s  im p o rtan t to  p la c e  l im i t s  on 
th e  amount o f  hydrogen in  Type I supem ovae so th a t  r e a l i s t i c  hydrody­
namic models can be c o n s tru c te d  [L asher e t . a l . ,  1977]. A lso , th e  sea rc h  
fo r  l ik e ly  p ro g e n ito rs  i s  c o n s tra in e d  by th e  envelope com position  
[T in s le y , 1977a],
The purpose o f  t h i s  pap er i s  to  e x p lo re  th e  d e v ia t io n s  from LTE 
o f  th e  le v e l  p o p u la tio n s  o f  S i I I  in  Type I supernovae and hydrogen 
in  Type I I  in  th e  co n tex t o f  v a rio u s  p h y s ic a l models d iscu ssed  in  
C hapter I I .  Any u n d ers tan d in g  o f hydrogen in  Type I I  w il l  e a s i l y  be 
t r a n s f e r r e d  to  Type I  supernovae. The tre a tm e n t o f  th e  r a d ia t io n  f i e l d  
w i l l  fo llow  th e  Sobolev method as p re se n te d  in  C hapter I I I .  The models 
a l l  co n s id e r o n ly  th e  tim e n e a r maximum l i g h t  d u rin g  th e  l in e a r  (o r  n e a r  
l in e a r )  expansion o f  th e  pho to sp h ere . A ll models a ls o  fo llow  th e  
development o f  th e  envelope as a fu n c tio n  o f  tim e and co n sid e r s e v e ra l
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ra d iu s  p o in ts .  P r io r i t y  i s  g iven  to  th e  atom ic le v e ls  which c o n tro l  
th e  s t r e n g th  o f  th e  observed l i n e s .  As d iscu ssed  in  C hapter IV, th e  
atoms a re  re p re se n te d  by enough le v e ls  so th e  h igh  p r i o r i t y  le v e l  
p o p u la tio n s  shou ld  be w ell de te rm in ed . The f in a l  c h a p te r  p re s e n ts  th e  
r e s u l t s  and d is c u s s io n .
CHAPTER II
PHYSICAL MODELS OF THE ENVELOPE
S ev era l models o f  th e  envelope were c o n s id e re d , b u t a l l  were 
c e n te re d  on a  b a s ic  model fo rm u la ted  by Branch [1977] d e riv ed  from 
com posite  l i g h t  cu rves and c o lo r s .  He assumed th e  te m p e ra tu re , T, 
and d e n s i ty ,  p , in  th e  envelope v a r ie d  as powers o f  r a d iu s ,  R, and 
t im e , t ,  as
T « R"Pt^'®  Eq. 5
p Œ R"” t " “^ Eq. 6
and th a t  th e  o p a c i ty , k , v a r ie d  as powers o f  T and p a s
k « l^ p ^  Eq. 7
and showed t h a t  t h i s  im p lied
Rp «  t ^  Eq. 8
where
V = mÇp-sJ + Cq+ljÇn-3J
^ mp + n (q + lj - 1 ^
S ince  x i s  known to  be n ear u n i ty  from th e  n ea r l i n e a r  v a r ia t io n  o f
th e  p h o to sp h e r ic  r a d iu s  w ith  tim e and th e  la ck  o f  change o f  D oppler
s h i f t s  in  unblended l in e s  d u rin g  th e  p hases o f  i n t e r e s t ,  a re a so n ab le
s e t  o f  th e  p a ram e te rs  which s a t i s f y  t h i s  a re  n e c e s sa ry . The s im p le s t
way to  accom plish  t h i s  is  v ia  a s tro n g  d e n s ity  g ra d ie n t ,  i . e .  i f  n i s
la rg e  x -  1. I f  th e  o p a c ity  i s  independen t o f  T and p (m = q = 0 ] ,  th en
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X = ^  Eq. 10
Hydrodynamic c a lc u la t io n s  [C olgate  and McKee, 1969] have r e la te d  
th e  v e lo c i ty  in  th e  envelope to  th e  e x te rn a l  mass f r a c t io n ,  F, so t h a t  
VCR] « F(R ]"^ Eq. 11
I f  V(R) « R and E quation  6 i s  assumed, th en  s in c e
F(R] « / “  p ( r ] r ^ d r  Eq. 12
E quation 11 becomes
R « Eq. 13
so th a t  n = 7. C a lc u la tio n s  by Weaver [p r iv a te  communication] based on 
hydrodynamic m odeling a lso  show agreem ent w ith  p «= T h e re fo re ,
t h i s  d e n s ity  s t r u c tu r e  was adopted  fo r  a l l  c a lc u la t io n s .
The t o t a l  d e n s i ty  a t  th e  pho tosphere  a t  maximum l i g h t  i s  determ ined
by assuming = R~  ̂ and re q u ir in g  th a t  th e  e le c t r o n  s c a t te r in g  o p t ic a l
d ep th , Tg, be equal to  th re e  fo r  th e rm a liz a t io n . Hie o p t ic a l  dep th  
i s  g iven by t[R ] = /^N C tjoC rJdr where o i s  th e  a b so rp tio n  c ro s s - s e c t io n .  
I t  i s  rough ly  e q u iv a le n t to  th e  number o f  photon mean f r e e  p a th s  from 
th e  p o in t R to  th e  o b se rv e r . The requ irem en t th a t  be equal to  th re e  
a t  th e  pho tosphere  i s  due to  e s tim a te s  o f  th e  r e l a t i v e  c o n tr ib u t io n  o f  
l in e s  to  th e  o p a c ity  [Karp e t .  a l . , 1977] which forms th e  p h o to sp h ere . 
Tlie assum ption th a t  = R~’ w i l l  be examined in  C hapter V. The d e n s i ty  
i s  then  tak en  to  fo llow  Equation 6 w ith  n = 7. Mass e lem ents t r a v e l in g  
a t  c o n s ta n t v e lo c i ty  d ecrease  in  d e n s ity  as t ”  ̂ due to  ex p an sio n .
E lec tro n  d e n s i t ie s  were th en  c a lc u la te d  by th e  a lg o rith m  given  by 
Karp [1980] which en su res  s w if t  convergence. The th i r t e e n  most abundant 
e lem ents [Ross and A l le r ,  1976] were used fo r  t h i s  p u rp o se . These and
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t h e i r  abundances (norm alized  to  log  N = 12, where N„ i s  th e  numberH li
d e n s i ty  o f  hydrogen) a re  l i s t e d  in  Table I ,
Since Type I supem ovae a re  l ik e ly  to  be d e f i c i e n t  in  hydrogen 
[Bychkova and Bychkov, 1977] and t h e i r  a c tu a l  com position  i s  unknown, 
th r e e  com positions were co n sid e red : s o la r  abundance, no hydrogen and no 
hydrogen o r  he lium . Type I I  models were assumed to  have s o la r  abundances.
The pho tosphere  i s  assumed to  r a d ia te  l ik e  a  b lackbody. This i s  
c o n s is te n t  w ith  th e  d e r iv a tio n  o f  th e  tem p e ra tu res  from th e  c o lo rs .
The p h o to sp h eric  te m p e ra tu res  and r a d i i  as a  fu n c tio n  o f  tim e and th e  
p h o to sp h e ric  v e lo c i t i e s  a t  maximum l ig h t  come from Branch [p r iv a te  
com m unication]. T able  I I  l i s t s  th e se  f o r  Type I I  supem ovae and 
compares them w ith  th e  r e s u l t s  o f  s e le c te d  hydrodynam ic models. The 
agreem ent i s  q u i te  good. T able  I I I  sim ply  l i s t s  th e  adopted tem p era tu res  
and r a d i i  fo r  Type I supem ovae f o r  which th e re  a re  n o t such d e ta i le d  
com parisons a v a i l a b le .  The p h o to sp h e ric  v e lo c i ty  i s  taken  to  be 10,000 
km/s a t  a l l  tim e s . L asher [1975] has shown th a t  th e  l ig h t  curve and 
c o lo rs  o f  Type I supernovae can be rep roduced  by a hydrodynamic model 
s im i la r  to  th o se  r e f e r r e d  to  in  Table I I .
The e le c tro n  tem p era tu re  in  th e  envelope i s  tak en  to  be iso th e rm a l 
and equal to  th e  tem p era tu re  o f  th e  pho tosphere  o r  i s  assumed to  be 
g iven by th e  e x p re ss io n  Van Blerkom [1973] has d e r iv e d  f o r  a  g ray , 
s p h e r ic a l ly  sym m etric atm osphere in  r a d ia t iv e  e q u ilib r iu m . For p * r~^ 
h is  form ula g ives
T (r) = TCRp)r-°*^(g-r"®  + Eq. 14
where r  = R/R^. With th e  p receed in g  as a  b a se , th e  fo llo w in g  two types
TABLE II
P h y s ic a l P aram eters  o f  Type I I  Supem ovae
"p
(10^ K) Rp (10^^ cm) VP
(10^ km /s)
(days) CH FA ww P re s e n t CH FA WW P re s e n t CH FA WW P re s e n t
0 14. 42 . 40. 25. .74 .10 .10 .39 8 .8 7 .1 12. 7 .0
3 12. 18. 16. 17. .97 .30 .33 .57 8 .3 7 .9 6 .9 7 .0
7 10. 13. 11. 12. 1 .2 .58 .67 .83 7 .8 8 .0 6 .5 7 .0
15 8 .3 8 .5 7 .5 8 .7 1 .6 1 .1 1 .3 1 .3 7 .1 7.9 6 .3 6 .9
30 6 .3 6 .1 6 .2 6 .2 2 .0 1 .8 2 .1 1 .8 5 .8 5 .5 5 .2 5 .8




P h y s ic a l P aram eters o f  Type I Supem ovae
"p  %
(days) (10^ K) (10^^ cm)
-5  35. .55
0 17. 1 .0
5 12. 1 .5
10 9 .3  1 .9
15 7 .7  2 .4
20 6.2  2.8
25 4 .9  3 .3
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o f  models a re  co n s id e re d .
D ilu te  Models
The pho tosphere  i s  assumed to  be w e ll-d e f in e d , p roducing  a  d i l u t e ,  
blackbody r a d ia t io n  f i e l d  in  th e  su rround ing  envelope . The mean 
continuum in t e n s i t y ,  J ^ ,  was t r e a te d  fo llo w in g  C as to r and Van Blerkom 
[1970] so th a t  co re  and d if f u s e  components were c o n s id e re d . Thus,
Jv = + •'v E l-  15
where
= WB^(Tp)expC-T^) Eq, 16
i s  th e  d i l u t e  co re  r a d ia t io n  decreased  acco rd in g  to  th e  continuum
o p t ic a l  d ep th , T^, which i s  found by tra p e z o id a l  in te g r a t io n ,  W i s
th e  g eo m etrica l d i lu t io n  f a c to r  given by
W = %(1 - (1 -  Eq. 17
This i s  sim ply l/4 ir  tim es th e  s o l id  ang le  subtended by th e  pho tosphere
from th e  p o in t r .  Even though th e  envelope i s  n o t homogeneous, th e
d if f u s e  component was tak en  to  be
= S y [l - expC-T^)] . • Eq. 18
where th e  continuum so u rce  fu n c tio n  i s  g iven  by
= ^ C b .e x p C h v /k T g )  -  l ) - i  Eq. 19
This was o n ly  done to  keep th e  eq u a tio n s  in  a lo c a l  form.
In th e  c a lc u la t io n s  o f  th e  e le c tro n  d e n s i t i e s ,  th e  io n iz a t io n
r a t i o s  a re  assumed to  d e v ia te  from t h e i r  LTE v a lu es  ( a t  th e  tem p era tu re
o f  th e  pho to sp h ere) by th e  f a c to r  W^(T /T  )^ ,  assum ing p h o to io n iz a tio ne p
from e x c ite d  le v e ls  dom inates. This f a c to r  w i l l  be d isc u sse d  and
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ex p la in ed  in  C hapter V. IVhen c o n s id e rin g  hydrogen, th e  a c tu a l d e v ia tio n  
c o e f f ic ie n t  i s  used fo r  i t s  c o n tr ib u tio n  to  th e  e le c tro n  d e n s ity .
D iscontinuous O pacity  Model 
I t  i s  w e ll known th a t  Type I supem ovae a re  f lu x  d e f ic ie n t  below 
4000 Â [Holm e t . a l . ,  1974 ; Zwicky, 1965], One p o s s ib le  e x p lan a tio n  
i s  an in c re a s e  in  o p a c ity  w ith  d e c rea s in g  w avelength . T h is w il l  i n ­
c re a se  th e  p h o to sp h e ric  s iz e  w ith  d e c rea s in g  w avelength s in c e  a g r e a te r  
o p a c ity  a t  some frequency  means th a t  one does n o t  have to  look as deep ly  
in to  th e  atm osphere b e fo re  i t  becomes opaque. For some p o in t in  th e  
envelope , h igh  frequency  ra d ia t io n  w i l l  th en  be a t  th e  lo c a l  blackbody 
in t e n s i t y  w hile  low er frequency r a d ia t io n  w il l  be d i l u t e  from a deeper 
p h o to sp h ere . Because o f  t h i s ,  th e  io n iz in g  r a d ia t io n  may be P lanck ian  
a t  a low er tem p era tu re  ( i f  a tem p era tu re  g ra d ie n t i s  co n sid ered ) th an  
deduced from o b se rv a tio n s  o f  l ig h t  in  th e  v i s ib l e  and in f r a r e d .
As a f i r s t  app rox im ation , one might assume th a t  a l l  p o p u la tio n s  a re  
d riv e n  to  t h e i r  LTE v a lu e s . In t h i s  p a p e r , a c u to f f  frequency  was 
co n sid e red  such th a t  th e  photosphere  was in d e f in i t e ly  la rg e  fo r  v >
Hie continuum  r a d ia t io n  was taken  to  be o n ly  th e  d if f u s e  component
w ith  T s e t  to  i n f i n i t y  fo r  v > v . The r a d ia t io n  was co n sid e red  in  c ' c
th e  d i l u t e  fa sh io n  f o r  v < v . In th e  c a lc u la t io n s  o f  N , th e  io n iz a -c e
t io n  r a t i o s  a re  assumed to  be a t  t h e i r  LTE v a lu es  fo r  th e  lo c a l e le c tro n  
tem p e ra tu re  w ith  th e  excep tion  o f  hydrogen as n o ted  fo r  th e  d i lu te  c a se . 
This model i s  an extrem e which should  p la c e  l im i t s  on th e  e f f e c t s  o f  
a more r e a l i s t i c  change in  o p a c ity .
CHAPTER I I I  
METHOD
In s t a t i s t i c a l  e q u ilib r iu m , which i s  assumed, th e  le v e l p o p u la tio n s  
o f  an ion  a re  determ ined  by th e  f a c t  t h a t  th e  r a t e  o f  t r a n s i t i o n  in to  
any le v e l  i s  equal to  th e  r a te  ou t o f  t h a t  l e v e l .  So, we w r ite  f o r  
le v e l  i ,
.piN .CC-i + R ji)  + + N / a .
where i s  th e  number d e n s ity  o f  th e  i^ ^  le v e l  o f  th e  io n , i s  th e  
number d e n s ity  o f  th e  n ex t io n iz a t io n  s ta g e ,  and a re  th e  
c o l l i s io n a l  and r a d ia t iv e  bound-bound r a t e s  from le v e l  i  to  le v e l  j ,  
and a re  th e  c o l l i s io n a l  and r a d ia t iv e  reco m bination  c o e f f i c i e n t s ,  
and C. and R . ,  a re  th e  c o l l i s io n a l  and r a d ia t iv e  io n iz a t io n  r a t e s .IK iK
The R^j depend on th e  mean in t e n s i t y  o f  th e  r a d ia t io n  f i e ld  in  th e  
t r a n s i t i o n ,  < J . .> . (For a  downward t r a n s i t i o n ,  R . . = A .. + B . .< J . .>I j  I j  I j  XJ
where A .. and B . . a re  th e  E in s te in  c o e f f ic ie n t s  f o r  spontaneous and i j
s tim u la te d  e m is s io n .)  T h is f i e l d  i s  no rm ally  n o n - lo c a l ,  depending on 
th e  le v e l p o p u la tio n s  a t  a l l  p o in ts  in  a s t a t i c  s t e l l a r  a tm osphere.
In  an expanding envelope th e  s i t u a t io n  can be s im p lif ie d .
Sobolev [1960] f i r s t  in tro d u ced  the  concept o f  th e  escape p r o b a b i l i ty  
in  th e  tre a tm e n t o f  r a d ia t iv e  t r a n s f e r  in  moving m edia. He d e f in e d  th e
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escape p r o b a b i l i ty ,  3 , as th e  " f r a c t io n  o f  th e  q uan ta  in  th e  co rrespond­
in g  l in e  (which) w i l l  le av e  th e  medium owing to  th e  D oppler e f f e c t , "  
In s te a d  o f  a b a lan ce  o f  t r a n s i t i o n s ,  th e re  i s  an ex cess  o f  downward 
t r a n s i t io n s  from le v e l i  to  le v e l  j  g iven by N eg lec tin g
c o l l i s io n a l  and s t im u la te d  t r a n s i t i o n s ,  th e se  excess r a te s  must be 
b a lanced  by io n iz a t io n  and recom bination  so th a t  E quation  20 becomes
-  " i t j i k j S j i  * " k )  Eq. 21
Sobolev d e riv e d  a crude ex p re ss io n  fo r  th e  escape p r o b a b i l i ty  by 
assuming a homogenous, i n f i n i t e ,  expanding medium and c o n s id e rin g  a 
photon t r a v e l in g  from one p o in t to  a n o th e r d i s t a n t  one in  a s p e c tr a l  
l in e  w ith  a r e c ta n g u la r  p r o f i l e .  The f r a c t io n  o f  r a d ia t io n  absorbed 
(which must equal 1 - 3) i s  then  found by in te g r a t in g  th e  a b so rp tio n  
c o e f f ic ie n t  tim es th e  l in e  p r o f i l e  fu n c tio n  over th e  l in e  e lem en t. This 
gave 3.n e x p re ss io n  fo r  th e  escape p r o b a b i l i ty  in  term s o f  th e  v e lo c i ty  
g ra d ie n t and le v e l p o p u la tio n s
E ta  '  ^  Eq. 22
c ds
where & and u r e f e r  to  th e  lower and upper le v e ls  o f  th e  t r a n s i t i o n  
g i s  th e  s t a t i s t i c a l  w e ig h t, f  i s  th e  o s c i l l a t o r  s t r e n g th ,  v i s  the  
t r a n s i t i o n  frequency  and i s  th e  v e lo c i ty  g ra d ie n t along th e  l in e
e lem en t. The im p o rtan t id e a  h e re  i s  th a t  a la rg e  v e lo c i ty  g ra d ie n t 
p roduces a la rg e  escape p ro b a b i l i ty  due to  th e  f a c t  t h a t  th e  photon i s  
more ra p id ly  D o p p le r-sh if te d  ou t o f  reso n an ce . However, t h i s  ex p ress io n  
fo r  th e  escape " p ro b a b i l i ty "  can become la r g e r  th an  u n i ty  fo r  very  
sm all le v e l  p o p u la tio n s  o r  la rg e  v e lo c i ty  g ra d ie n ts .
C as to r [1970] has f u r th e r  developed th e  Sobolev method by co n s id e r-
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in g  th e  com plete r a d ia t io n  f i e l d  (due to  th e  l in e  and from th e  continuum) 
and by o n ly  assum ing th e  n a tu ra l  l in e  p r o f i l e  i s  v e ry  narrow . This
y ie ld s  a more s a t i s f a c to r y  form fo r  th e  escape p r o b a b i l i ty ,
+ I
•£u
h n  = Gut = - e x p [-T ^ ^ /( l  + o x :) ]} d x  Eq. 23
where
= = -  1 Eq. 24
and th e  l i n e  o p t ic a l  depth  i s  given by
= s i ' E q .  25
where F(cr) i s  o f  o rd e r  u n i ty .  For a l i n e a r  r e l a t i o n  between V and R, 
0 = 0  and F(o) = 1  so th a t
®2u = -  exP (-T A u })/fa u  Eq. 26
T his red u ces  to  S obo lev ’ s ex p re ss io n  when t i s  la rg e  (and 3 i s  sm all) 
and approaches u n i ty  fo r  v an ish in g  l in e  o p t ic a l  d e p th .
Now th e  r a d ia t io n  f i e l d  in  th e  l in e  can be w r i t t e n  in  term s o f  th e  




-  W  Eq. 28
T his a llow s th e  r a d ia t io n  f i e l d  in  a l in e  which i s  o p t ic a l ly  th ic k  to  
be dom inated by th e  lo c a l  l in e  source fu n c tio n  and th a t  fo r  an o p t ic a l ly  
th in  l in e  to  be dom inated by th e  d i lu te  p h o to sp h e ric  r a d ia t io n .
Thus, <Jy2> i s  w r i t te n  in  term s o f  lo c a l p a ra m e te rs . The com plete 
eq u a tio n  f o r  le v e l  i  becomes
22
Â(''e‘=ui * AuiGui * BuiGuiWIp)
* z l A C N e ' î i  * * “ i>
= * h u h v f V  * * BuBi^WIp)
* N .c . *  4 u ^ a , (v)"^v (1 -  expC-hv/kT ) /b j ] d v }  Eq. 29
^  '^i hw
where c .= C ./N  . a .(v )  i s  th e  p h o to io n iz a t io n  c ro s s - s e c t io n  o f  th e  u i  u i  e* 1 '  ^
i^ ^  le v e l ;  i s  th e  mean in te n s i ty  o f  th e  continuum  r a d ia t io n  f i e l d ,
Tg i s  th e  lo c a l  e le c tro n  tem p era tu re  and i s  th e  c o e f f ic ie n t  o f  
d e v ia t io n  from LTE, = N^^/N^*, where i s  th e  Boltzmann p o p u la tio n  
f o r  th e  c u rre n t and [M ihalas, 1978],
C as to r and Van Blerkom [1970], C as to r and Nussbaumer [1972], and 
O egerle and Van Blerkom [1976a] have so lved  th e  s t a t i s t i c a l  r a t e  
eq u a tio n s  in  t h i s  form f o r  He I I ,  C I I I ,  and He I in  Wolf-Fiayet 
en v e lo p es . These s t a r s  a re  e je c t in g  m a tte r  a t  th e  r e l a t i v e l y  slow 
speed o f  '\<2000 km /s. O egerle and Van Blerkom [1976b] and Van Blerkom 
[1978] have a lso  a p p lie d  th e  method to  He I and H in  P-Cygni which i s  
e je c t in g  m a tte r  w ith  a speed o f  a  few te n s  o f  km /s. In  a l l  c a s e s , th e  
r e s u l t s  compare q u i te  fa v o ra b ly  w ith  o b se rv a tio n s  o f  l in e  i n t e n s i t i e s  
and p r o f i l e s .  S ince  we a re  d e a lin g  w ith  la r g e r  v e lo c i ty  g ra d ie n ts  in  
supernova en v e lo p es , th e  Sobolev method i s  even more a p p ro p r ia te  as 
th e  l in e  photons w i l l  be more q u ick ly  D o p p le r-sh if te d  ou t o f  reso n an ce . 
By E quations 25 and 26 we see th a t  th e  escape  p r o b a b i l i t i e s  
depend on th e  (unknown) le v e l  p o p u la tio n s  in  a n o n - l in e a r  way. This 
means th a t  we must e s tim a te  th e  p o p u la tio n s , c a lc u la te  th e  escape 
p r o b a b i l i t i e s  and i t e r a t e  u n t i l  convergence i s  ach iev ed . Convergence 
f o r  n o n - l in e a r  problem s i s  n o t a t r i v i a l  m a tte r . O thers have approached
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th e  problem  by re q u ir in g  th e  f r a c t io n a l  change in  a l l  p o p u la tio n s  to  be 
le s s  than  some c r i t e r io n  [e .g .  C asto r and Van Blerkom, 1970; O egerle and 
Van Blerkom, 1976a]. This approach was adopted h ere  w ith  some m o d ifi­
c a t io n s .  The p rim ary  convergence c r i t e r io n  was
I (N. ^ - NL * )/N . * I < .Q1 Eq. 30
where k i s  th e  i t e r a t i o n  index and i  la b e ls  th e  atom ic le v e l .  S ince 
th e re  i s  p rim ary  i n t e r e s t  in  th e  p o p u la tio n s  o f  c e r ta in  le v e l s ,  a 
s l i g h t l y  more g lo b a l c r i t e r io n  was used so t h a t
I (Ni^^^ - < 01 Eq. 31
f o r  th o se  le v e l s .  I t  was a lso  re q u ire d  th a t  th e  change in  p o p u la tio n




= NU * -  NL * 1 Eq. 33
A nother d i f f i c u l t y  in  n o n - lin e a r  problem s can be slow convergence.
In o rd e r  to  speed convergence, a  m odified  Newton-Raphson scheme was
a p p lie d  to  each le v e l p o p u la tio n . I f  th e  p o p u la tio n s  were to  change
q u a d r a t ic a l ly  as a fu n c tio n  o f  i t e r a t i o n  number, th e  " f in a l "  p o p u la tio n
in  le v e l  i  based on in fo rm atio n  o b ta in ed  by i t e r a t i o n  k would be g iven
by
^ i  = Nj + ^(A. ^ )V (A i - Aj. ^ ) Eq. 34
T his o n ly  works i f  i s  convex w ith  re s p e c t to  i t e r a t i o n  number
and so i s  used  o n ly  i f  |A^ ^ | < |A^ | . I f  |A^ ^ | ^  |A^ | ,
( I
th e re  i s  no g en era l way to  e s tim a te  , so th e  form used h e re  was
Tvl » Tifl 11(1 r 1(1 fk - i l  fic'i I
N. = N. + ICA. . I f  A. and A. had o p p o site  s ig n s , N.1 1  1 1 1 ** i
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fv\
was sim ply s e t  equal to  to  avo id  pushing  th e  p o p u la tio n  too  f a r
in  one d i r e c t io n .
These c a lc u la t io n s  w ere done a t  f iv e  ra d iu s  p o in ts  fo r  each
_ 7
model and tim e c o n s id e re d : a t r  = 1 , 1 .1 , 1 .2 , 1 ,3  1 .4 . For p “  r "  , 
a t  r  = 1 .4  th e  d e n s ity  has decreased  by a f a c to r  o f  te n  from a t  th e  
pho to sp h ere . The tim es r e l a t i v e  to  maximum l i g h t  which were co n sid e red  
a re  th o se  l i s t e d  in  T ab les I I  and I I I .
CHAPTER IV 
ATOMIC REPRESENTATIONS AND RATES 
R ep resen ta tio n s
Since th e  s t a t i s t i c a l  r a te  eq u a tio n s  must be so lved  fo r  th e  le v e l 
p o p u la tio n s , some f i n i t e  number o f  le v e ls  must be chosen. One p ro ­
cedure i s  to  choose enough le v e ls  so t h a t  th e  upperm ost a re  n e a r ly  in  LTE 
v ia  c o l l i s io n a l  p ro c e s s e s , Griem [1963] has g iven a form ula fo r  
de te rm in in g  t h i s  fo r  hydrogenic  atom s. He fin d s  th a t  fo r  p r in c ip a l  
quantum number n ^  no , th e  p o p u la tio n s  w i l l  be w ith in  10% o f  t h e i r  LTE 
v a lu e  w ith
no = { L i^ i2 Ü £ ® ( |ïe ^ ^ } 2 / i7  Eq. 35
e H
where z i s  th e  n u c le a r  charge and E^ i s  th e  io n iz a t io n  p o te n t ia l  o f  
hydrogen. In  th e  b e s t  case  [ f o r  th e  p h y s ic a l models co n sid e red ;
Ng = 7x10^“ cm"3, T = 25,000 K), no = 8. However, in  th e  w orst case
„„-3(Ng = 10® cm , T = 3000 K), no>30. To keep th e  problem  t r a c ta b l e  f o r  
c o n s id e ra tio n  o f  s e v e ra l  p h y s ic a l m odels, i t  i s  d e s ir a b le  to  re p re se n t 
th e  atoms w ith  20 le v e ls  o r  l e s s .
A nother p ro ced u re  i s  to  c o n s id e r  which atom ic le v e ls  d i r e c t l y  a f f e c t  
th e  p o p u la tio n  o f  th e  le v e ls  o f  i n t e r e s t .  For S i I I ,  th e  4s le v e l  
i s  o f  p rim ary  i n t e r e s t  s in c e  i t  c o n tro ls  th e  s t r e n g th  o f  th e  X6355 
(4s -  4p ^P°) t r a n s i t i o n .  Of secondary  in t e r e s t  i s  th e  3d le v e l
25
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which c o n tr o ls  th e  n e x t s t ro n g e s t  l in e  in  th e  v i s i b l e  a t  X4130 
(3d -  4 f  ^F °J, R ad ia tiv e  r a t e s  dom inate c o l l i s i o n a l  r a t e s  f o r  th e se
t r a n s i t i o n s .  T h is can be seen by th e  fo llo w in g . The c o l l i s i o n a l  r a t e  
can be approxim ated  [Van R egem orter, 1962] by
NgC = N gl3.7fT g"^P(E /kT eJE "i Eq. 36
where f  i s  th e  o s c i l l a t o r  s t r e n g th ,  P i s  a ta b u la te d  fu n c tio n  =0.2 f o r  
io n s  and E i s  th e  e x c i t a t io n  energy  in  cm” ^. The r a d ia t iv e  r a t e  i s  
g iv en  [Wiese e t . a l , ,  1969] by
A = .6 6 7 g ^ f/g ^  E^ Eq. 37
where g^ i s  th e  s t a t i s t i c a l  w eight o f  th e  low er le v e l  and g^ i s  th e  
s t a t i s t i c a l  w eigh t o f  th e  upper l e v e l .  So
4 . 1 N ^ V \ / g ^  E-= Eq. 38
For th e  X63S5 t r a n s i t i o n ,  E = 16,000 cm ^ , g^= 6 , and = 2. Thus, 
f o r  = 3x10^^ cm  ̂ and T = 35,000 K, t h i s  r a t i o  i s  ^SxlO "^. For th e
X4130 t r a n s i t i o n ,  E = 24,000 cm , g^ = 14 and g^ = 10, y ie ld in g  a 
r a t i o  o f  '\j6x10~'*. S ince th e  e le c t ro n  d e n s i ty  d rops more ra p id ly  (bo th  
as a  fu n c tio n  o f  tim e and ra d iu s )  th an  th e  sq uare  ro o t o f  th e  tem per­
a tu re  t h i s  i s  th e  la r g e s t  th e se  r a t i o s  can b e .
So, l e t  us look a t  r a d ia t iv e  r a t e s  in to  th e  4s le v e l  co n s id e rin g
t r a n s i t i o n s  from th e  4p, 5p, and 6p P l e v e l s .  We f in d  4g/A4p 4s 
= 6 .6x10"^ and A^^ 4s / ^ 4p 45 ~ 3 .8x10*^. For r a d ia t iv e  r a t e s  in to  th e  
3d le v e l ,  c o n s id e r  t r a n s i t i o n s  from 4p , Sp, 6p ^P° and 4 f  and S f ^F®. 
This g iv e s  ~ 1.2x10 g j/A ^^ 34 = 1.3x10
^6p , 3d^^4 f , 3d ~  ̂ ^5f , 3d^^4 f , 3d ~ *^ ' in d ic a te s  th a t
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F i g u r e  3 .  R e p r e s e n t a t i o n  o f  S i  I I .
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in c lu d e  a l l  le v e ls  a f f e c t in g  th e  p o p u la tio n  o f  th e  4s le v e l and may 
be adequate fo r  th e  3d le v e l .  Q u a rte ts  (which do n o t in t e r a c t  w ith  
th e  do u b le t te rm s) have been ig n o red . The adopted re p re s e n ta t io n  o f  
S i I I  i s  shown in  F igure  3.
S im ila r ly , f o r  hydrogen where th e  n=2 le v e l  i s  o f  i n t e r e s t ,  r a d i ­
a t iv e  r a te s  dom inate and we f in d  2 ~ T h e re fo re , by in ­
c lu d in g  10 l e v e l s ,  a l l  le v e ls  which d i r e c t ly  in f lu e n c e  th e  n=2 le v e l 
w i l l  be in c lu d e d .
One o th e r  c o n s id e ra tio n  is  w hether com plete r e d i s t r ib u t io n  in  th e  
a n g u la r  momentum su b le v e ls  can be assumed. The most s e r io u s  problem 
would occur i f  th e  e le c tro n  d e n s ity  were so low th a t  2-photon decay 
from th e  2 ^S le v e l  would occur more ra p id ly  th an  c o l l i s io n a l  t r a n s f e r  
to  th e  2 l e v e l .  The c r i t i c a l  d e n s ity  f o r  t h i s  i s  Ng= 10** cra”  ̂
[O ste rb ro ck , 1974], which i s  never reach ed . T h e re fo re , th e  hydrogen 
atom w i l l  be re p re se n te d  by th e  n=l through n=10 le v e l s .
Rates
The f in a l  in fo rm a tio n  n ecessa ry  fo r  so lv in g  th e  r a te  eq u a tio n s  
in v o lv e s  th e  atom ic t r a n s i t i o n  r a t e s .  These can be d iv id ed  in to  two 
c a te g o r ie s :  r a d ia t iv e  r a te s  and c o l l i s io n a l  r a t e s .
O s c i l l a to r  s tre n g th s  were taken  from Wiese e t . a l .  [1969] except 
t h a t ,  fo r  S i I I ,  th e  3p -  3p^ ^D, 3p^ ^S, 3d ^D, and 4d f -v a lu e s
were tak en  from C u r tis  and Smith [1974], th e  3p ^P° -  3p^ ^P f -v a lu e  was 
taken  from L iv in g sto n  e t . a l .  [1976] and a l l  f -v a lu e s  fo r  allow ed t r a n s i ­
t io n s  n o t found elsew here were tak en  from Kurucz and Peytremann [1975]. 
The E in s te in  c o e f f ic ie n ts  were c a lc u la te d  from th e  o s c i l l a t o r  s tre n g th s
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in  th e  u su a l fa s h io n .
P h o to io n iz a tio n  r a te s  were determ ined  by in te g r a t io n  o ver th e  
p h o to io n iz a tio n  c ro s s - s e c t io n s  as shown in  E q u a tio n  7. These c ro s s -  
s e c tio n s  were c a lc u la te d  as hydrogenic f o r  bo th  hydrogen and S i I I ,  so 
th a t
= 7 .9xlO "i*g^n^(V o/v)* /z^  Eq. 39
where n^ i s  th e  e f f e c t iv e  quantum number o f  le v e l  i ,  g^ i s  th e  s t a t i s ­
t i c a l  Gaunt f a c to r ,  i s  th e  th re s h o ld  frequency  and z i s  th e  e f f e c t iv e  
ch arg e . For hydrogen, th e  Gaunt f a c to r s  fo r  n= l and n=2 were tak en  to  
be 0 .8  and 0 ,9  r e s p e c t iv e ly  [A llen , 1973], For a l l  o th e r  hydrogen le v e ls  
and a l l  S i I I  le v e ls  th e  Gaunt f a c to r  was s e t  to  u n i ty .  For hydrogen, 
th e  n^ a re  j u s t  th e  p r in c ip a l  quantum numbers and z = 1. For S i I I ,  z 
was taken  to  be 2 and n^ was determ ined  by assum ing th e  5 f  ^F° le v e l had 
n^ = 5 and th en  by s c a l in g  by io n iz a t io n  energy as i f  S i I I  were hydro­
g e n ic , That i s ,  n^ = where I^ i s  th e  io n iz a t io n  energy  o f
le v e l  i .  T his p ro v id ed  agreem ent, on th e  av e rag e , w ith  th e  c ro s s -  
s e c tio n s  f o r  th e  3p ^P °, 4s ^S, 3d and 4p ^P° le v e ls  l i s t e d  in  
A llen  [1955], For th e se  fo u r  l e v e l s ,  th e  n̂  ̂ were a d ju s te d  so th a t  
a c tu a l  agreem ent was ach iev ed .
R a d ia tiv e  recom bination  r a te s  were determ ined  by th e  M ilne r e la t io n  
from th e  p h o to io n iz a tio n  c ro s s - s e c t io n s
= 2 /i^^(m kT g)"3^^C gj/g '^)V o^exp(hV o/kT e)aj(V o)E i(hV o/kT e) Eq. 40 
where g* i s  th e  s t a t i s t i c a l  w eight o f  th e  upper io n ,  and E i(x )  i s  th e  
f i r s t  ex p o n en tia l in t e g r a l  o f  x .
Although c o l l i s i o n a l  r a t e s  were o n ly  im p o rtan t f o r  th e  upper le v e ls
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o f  hydrogen and a few t r a n s i t i o n s  in  S i I I ,  th ey  were c a lc u la te d  f o r  a l l  
t r a n s i t i o n s .
For S i I I ,  e x c i t a t io n  and d e -e x c i ta t io n  r a t e s  were c a lc u la te d  
[Van R egem orter, 1962] by
= 1 9 .7 3 T g -* /:fa y P (x Je x p (-x ]/x  Eq. 41
Ca^expCx] Eq. 42
where x = E/kT^, E i s  th e  e x c i ta t io n  energy and P(x) i s  ta b u la te d .  The 
ta b u la te d  fu n c tio n  was made a n a ly t ic  by f i t t i n g  th e  fo llo w in g  form ulae 
to  i t .
P(xJ = .29E i(xJ x<0.01
= - .5 9  logx -  .026 0.01<x<0.2
= .167 ( lo g x j :  -  .126 logx + .219 0.2<x<3.5
= .2  3.5<x Eq. 43
For hydrogen, th e  form ula o f  Johnson [1972] was used to  c a lc u la te  
e x c i ta t io n  and d e - e x c i ta t io n  r a t e s .  For e x c i ta t io n  (n '> n ] ,
=nn' =
+ (Cnn, - Snn’ l '^ T  " i^^C z]]}  Eq. 44
where x = E ^n ./kT ^, y = 1 - % = % + ? n n ''  ^In* " '45%'
^ n > l,n . = 1 .9 4 n - : ' = % 6 ^ ^ ,  = % ' f ^ „  + V ' : » '
rijj = n~ ^(4 .0  -  18.63n"^ + 36 .24n“  ̂ - 28 .09n” ^J f o r  n è 2 , rii = -0 .6 0 3 , 
EaCxJ i s  th e  second e x p o n en tia l i n t e g r a l ,  and ao i s  th e  f i r s t  Bohr r a d iu s . 
A gain, d e -e x c i ta t io n  r a t e s  fo llo w  from E quation 42 .
The c o l l i s i o n a l  io n iz a t io n  r a te s  fo r  S i I I  were c a lc u la te d  by 
th e  form ula o f  Seaton [1964]
c.|^ = 2.0xl0"® Çl"^Tg^ io (-5 0 4 0 I/T e ) Eq. 45
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w h e re .ç i s  th e  number o f  e le c tro n s  in  th e  io n iz in g  s h e l l  and I i s  th e  
io n iz a t io n  energy in  eV. ç was s e t  to  u n i ty  f o r  a l l  l e v e l s .
For hydrogen, th e  c o l l i s io n a l  io n iz a t io n  r a t e s  were c a lc u la te d  
by in te g r a t io n  o f  th e  c ro s s - s e c t io n s  o f  P e rc iv a l  [1966] o ver a Maxwel­
l i a n  v e lo c i ty  d i s t r i b u t i o n .
A ll th ree -b o d y  reco m b in a tio n s  c o e f f ic ie n t s  were c a lc u la te d  by de­
t a i l e d  b a la n c in g , so th a t  th e y  a re  g iv en  by
Y. = (N ^*N ^*)"'N .*c.^ Eq. 46
CHAPTER V
RESULTS AND DISCUSSION
The models d e sc r ib e d  in  C hapter I I  were ex p lo red  as d e sc rib e d  in  
C hapter I I I  w ith  th e  com putations be in g  done on th e  IBM 370/158 computer 
a t  th e  U n iv e rs ity  o f  Oklahoma. T yp ical runn ing  tim es fo r  a  model were 
IS m inutes CPU f o r  S i I I  and 7 m inutes CPU fo r  hydrogen.
At t h i s  p o in t ,  ta b le s  o f  le v e l p o p u la tio n s  cou ld  be p re se n te d , b u t 
th ey  would have l i t t l e  meaning. I f  one w ishes to  c o n s tru c t  s y n th e t ic  
s p e c tra ,  i t  i s  n o t p r a c t i c a l  to  so lv e  th e  s t a t i s t i c a l  r a te  eq u a tio n s  
fo r  each ion  under c o n s id e ra tio n . R a th er, a more c ru d e , b u t f a s t e r ,  
method i s  p re fe r r e d  fo r  p re d ic t in g  th e  le v e l p o p u la t io n s . For th e  
d isco n tin u o u s  o p a c ity  m odels, th e  assum ption o f  LTE p o p u la tio n s  m ight 
be a rea so n ab le  approx im ation  s in ce  th e  io n iz in g  r a d ia t io n  and r a d ia t io n  
e x c i t in g  most from th e  ground i s  th e  lo c a l  P lan ck ian  f i e l d .
For th e  d i lu te  m odels, a  d i f f e r e n t  approach can be tak en . Since 
we a re  c o n s id e rin g  a  r a d ia t io n  dom inated s i t u a t i o n ,  th e  le v e ls  which 
a re  p o p u la ted  d i r e c t l y  from th e  ground le v e l  w i l l  be e x c ite d  by th e  * 
d i lu te  p h o to sp h eric  r a d ia t io n .  Thus, th e  e x c i t a t io n  o f  th e se  le v e ls  
should  be g iven  by
N./Ni = Eq. 47
where V is the frequency in the transition from the excited level to
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th e  ground, B\j i s  th e  blackbody in te n s i ty  a t frequency  v and * r e f e r s  
to  th e  LTE e x c i ta t io n  a t  th e  p h o to sp h eric  te m p e ra tu re . In  t h i s  p ap e r, 
th e  p h o to sp h e ric  r a d ia t io n  has been assumed to  be blackbody, so th a t  
Equation  47 becomes
N^/N^ = WCN./N^J* Eq. 48
Some le v e ls  may n o t be e x c ite d  d i r e c t ly  from th e  ground. For 
such a l e v e l ,  th e re  may e x is t  a  low er le v e l which c o n tro ls  the  popu­
la t io n  so th a t
Ny/N% = WCN^N^J* Eq. 49
The io n iz in g  r a d ia t io n  has a lso  been d i lu te d  so t h a t  th e  pho to­
io n iz a t io n  r a t e  from le v e l  i  i s  g iven  by
■'iK = '« iK *  50
The io n iz a t io n  can be d iv id ed  in to  th e  p a r t  due to  th e  ground and th a t
due to  e x c ite d  le v e ls  so th a t  th e  io n iz a t io n  b a lan ce  i s  g iven by
NgN+OT = Eq. 51
where a j  i s  th e  t o t a l  recom bination  c o e f f ic ie n t  to  a l l  le v e l s ,  and
“ T “  Eq. 52
where T^ i s  th e  lo c a l  e le c tro n  tem p era tu re . I f  we assume th a t  io n iz a ­
t io n  from e x c ite d  le v e ls  dom inates th a t  from th e  ground. Equations 4 8 ,5 0 , 
51, and 52 can be combined to  y ie ld
N+/Ni = (T e /T p jV (N '" /N jJ*  Eq. 53
where Tp i s  th e  p h o to sp h e ric  tem p e ra tu re . We see  th a t  th e  d i lu t io n  fa c ­
t o r  e n te r s  tw ic e , once in  th e  e x c ita to n  and once in  th e  io n iz a t io n .  To 
see  th e  s iz e  o f  th e  e f f e c t s  th e se  f a c to r s  p roduce . Table IV l i s t s  W, W ,̂




(Tg/Tp)^ W (Tg/Tp)'r W W
1.0  .50 .250 1 .00  .250
1 .1  .29 .085 .85 .072
1 .2  .22 .050 .74 .037
1 .3  .18 .033 .66 .022
1 .4  .15 .023 .60 .014
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o f  r  fo r  th e  r a d i i  co n sid e red  h e re . A lthough s ig n i f i c a n t  e f f e c t s  in  th e  
io n iz a t io n  and e x c i ta t io n  can o ccu r, io n iz a t io n  in c re a s e s  outward due to  
th e  ra p id ly  d e c re a s in g  e le c tro n  d e n s ity .
One o f  th e  assum ptions used in  d e term in ing  th e  atom ic d e n s i t ie s  
a t  th e  ph o to sp h ere  a t  maximum l ig h t  was th a t  th e  e le c tro n  d e n s i t ie s  a t  
th a t  tim e d ecreased  w ith  in c re a s in g  ra d iu s  l ik e  th e  atom ic d e n s i t i e s ,  
i . e .  Ng « r ” ^ . T h is i s  c e r t a in l y  t ru e  fo r  ou r models o f  Type I I  en­
velopes o ver th e  range o f  r  c o n s id e red . The p h o to sp h e ric  tem pera tu re  
a t  maximum l i g h t  i s  T^ = 25,000 K. Thus, hydrogen i s  f u l l y  io n ized  
th roughou t th e  envelope even c o n s id e rin g  th e  io n iz a t io n  to  fo llow  
Equation 53. S ince s o la r  abundance i s  assumed, hydrogen c o n tr ib u te s  
th e  bulk o f  th e  e le c tro n  d e n s i ty  and Nq does d e c rea se  as th e  atom ic 
d e n s ity . For Type I en v elo p es , s im ila r  argum ents app ly  fo r  th e  s o la r  
abundance model and th e  model w ith o u t hydrogen. However, in  th e  model 
w ithou t hydrogen and h e liu m , i t  i s  n o t a p r i o r i  c le a r  how th e  mix o f  
m eta ls  shou ld  a f f e c t  th e  e le c tro n  d e n s ity . To see  how v a l id  th e  assump­
t io n  was in  t h i s  c a s e , th e  power o f  ra d iu s  by which th e  e le c tro n  d e n s i ty  
f e l l  was c a lc u la te d  by assuming
Ng(rJ = N g (r= l jr" ^  Eq. 54
and f in d in g  m from th e  a c tu a l  e le c tro n  d e n s i t ie s  c a lc u la te d  by th e  
a lg o rith m  m entioned in  C hapter I I I .  For th e  n o n -iso th e rm a l case  where 
th e  la r g e s t  e f f e c t  would be ex p ec ted , we f in d  th a t  m = 7 .1 , 7 .1 , 7 .0  
and 7 .0  fo r  r  = 1 .1 , 1 .2 , 1 .3 , and 1 .4  r e s p e c t iv e ly .  T h e re fo re , th e  
assum ption was v a l id  in  a l l  cases  co n sid e red .
Now th e  p re d ic te d  p o p u la tio n s  based  on E quations 48, 49 and 53 
could be c a lc u la te d  and compared w ith  th o se  o b ta in e d  from th e  r a te
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e q u a tio n s . However, th e re  i s  a  more u s e fu l form f o r  th e  r e s u l t s .  The 
c o n tr ib u t io n  a l in e  t r a n s i t i o n  makes to  a spectrum  i s  i t s  p r o f i l e ,  i , e ,  
th e  r e l a t i v e  amounts o f  em ission  and a b so rp tio n  as a fu n c tio n  o f  f r e ­
quency, For th e  Sobolev m ethod. C a s to r  [1970] has d e riv ed  an ex p re ss io n  
fo r  th e  l in e  p r o f i l e  in  term s o f  th e  l in e  source fu n c tio n  and th e  l in e  
o p t ic a l  d ep th . The p r o f i l e  can be d e sc rib e d  as  c o n s is t in g  o f  an em is­
s io n  p a r t  minus an a b so rp tio n  p a r t .  The ab so rp tio n  p a r t  depends on th e  
l in e  o p t ic a l  dep th  w hile  th e  em ission  p a r t  depends on b o th  th e  l in e  
o p t ic a l  d ep th  and th e  so u rce  fu n c tio n .
From E quation  25, we see  th a t  ^  i s  roughly  p ro p o r tio n a l to  th e  
p o p u la tio n  o f  th e  low er le v e l  o f  th e  l in e  s in c e , f o r  th e  most p a r t ,  
th e  upper le v e l p o p u la tio n  w i l l  be d ecreased  a t  l e a s t  by th e  Boltzmann 
f a c to r .  Looking a t  E quation  28 and ig n o rin g  s tim u la te d  em iss io n , we 
see  th a t  i s  p ro p o r t io n a l  to  th e  r a t i o  o f  th e  upper and low er le v e l 
p o p u la tio n s .
I f  we now assume th a t  E quations 48 and 53 give th e  p o p u la tio n  o f  
th e  low er le v e l o f  a l in e  o f  i n t e r e s t  and th a t  Equation 49 th en  g iv es  
th e  p o p u la tio n  o f  th e  upper l e v e l ,  we can w r ite
u' (1 Eq. SS
and
WS  ̂ * Eq. 56
where th e  prim es r e f e r  to  th e  p re d ic te d  va lu es  and * ag a in  r e f e r s  to  th e  
LTE v a lu es  a t  th e  p h o to sp h e r ic  te m p e ra tu re . For LTE p o p u la tio n s , th e  
l i n e  so u rce  fu n c tio n  i s  e q u iv a le n t to  th e  blackbody in te n s i ty  in  th e  
l i n e ,  so
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Sui = % ( T p )  Eq. 57
In  a d i f f e r e n t  fa sh io n  C asto r [1970] showed t h a t  fo r  an u n s a tu ra te d , 
r a d ia t io n  dom inated l in e  in  an expanding atm osphere,
= Wlp Eq. 58
which red u ces  to  Equation 57 fo r  o u r assumed p h o to sp h e r ic  ra d ia tio n *
For th e  d isco n tin u o u s  o p a c ity  c a se , we would sim ply p r e d ic t  th e  l in e  
o p t ic a l  dep ths and source  fu n c tio n s  to  be due to  th e  LTE p o p u la tio n s .
Now we w i l l  compare th e  c a lc u la te d  and p re d ic te d  q u a n t i t i e s  in  the 
form o f  r a t i o s  o f  S /S ' and t /t '. The d i lu te  model r e s u l t s  w i l l  be 
p re se n te d  f i r s t  fo llow ed by th o se  f o r  th e  d isco n tin u o u s  o p a c ity .
D ilu te  Models
The s im p le s t p h y s ic a l model c o n sid e red  was the  d i l u t e ,  iso th e rm a l 
model. Some p re lim in a ry  r e s u l t s  have been p u b lish e d  [F e ld t ,  1979] f o r  
S i 11 in  Type I envelopes o f  t h i s  s o r t .  We have a  ch o ice  o f  chem ical 
com positions h e re  and w il l  look a t  th e  r e s u l t s  f o r  th e  case  o f  no 
hydrogen o r  helium . The e f f e c t  o f  v a ry in g  chem ical com position  w i l l  
be d isc u sse d  l a t e r .  The p h y s ica l p ro c e sse s  in v o lv ed  w i l l  be d iscu ssed  
in  some d e t a i l  f o r  t h i s  c a se , s in c e , as we s h a l l  s e e , th e y  w i l l  be im­
p o r ta n t  in  a l l  th e  d i lu te  m odels.
F ig u res  4 and 5 show S /S ' fo r  th e  X6355 and X4130 l in e s  o f  S i I I  
a s  fu n c tio n s  o f  tim e and f r a c t io n a l  r a d iu s .  The p lo t te d  numbers r e f e r  
to  th e  tim es r e l a t i v e  to  maximum l i g h t  p re v io u s ly  in d ic a te d  in  T able I I I  
w ith  '1 '  r e f e r r in g  to  t - t o  = 5 days and '7 '  r e f e r r in g  to  t - t g  = 25 d ay s.
We see t h a t ,  a t  th e  e a r l i e s t  t im e s , th e  p re d ic te d  source fu n c tio n  i s
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Figure 5. Si I I  A4130, isothermal, xH,He
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C4p and 4 f  ^F°) o f  th e  t r a n s i t io n s  a re  m ainly  p o p u la ted  by cascades 
from le v e ls  which a re  p o p u la ted  d i r e c t l y  from th e  ground due to  th e  
h igh  tem p e ra tu res  a t  th o se  tim e s . Thus, th e  d i lu t io n  f a c to r  e n te r s  
o n ly  once in  p o p u la tin g  b o th  th e  low er and upper le v e ls  o f  th e  t r a n s i t i o n  
and so th e  source fu n c tio n  i s  no t p ro p o r tio n a l to  th e  d i lu t io n  f a c to r  as  
p re d ic te d .  The e f f e c t  i s  n o t as s tro n g  fo r  th e  X4130 t r a n s i t i o n .  T his 
may be due to  th e  l a r g e r  energy  o f  th e  4 f  ^F° le v e l  o r  to  th e  lack  o f  
enough h ig h e r  le v e ls  which could  cascade in to  i t .  The e f f e c t  d i s ­
appears as  th e  tem p era tu re  d ro p s , d ec rea s in g  th e  u l t r a v i o l e t  r a d ia t io n  
f i e l d ,  which in  tu r n ,  d e c rea se s  th e  d i r e c t  e x c i t a t io n  o f  th e  upper 
l e v e l s .  The upper le v e ls  fo r  th e se  l in e s  then  do become p o p u la ted  by 
th e  low er le v e ls  and S /S ' d rops to  u n i ty .
At l a t e r  t im e s , th e re  i s  a s l i g h t  d ecrease  in  S /S ' w ith  in c re a s in g  
r  due to  th e  D oppler s h i f t  o f  th e  r a d ia t io n  in  th e  l in e  from th e  ph o to ­
sp h e re . This was n o t co n sid e red  in  th e  p r e d ic t io n  and i s  no t a m ajor 
e f f e c t .  S ince a p o in t in  th e  envelope i s  moving away from th e  pho to­
sp h e re , th e  r a d ia t io n  re c e iv e d  in  th e  l in e  a t  frequency  V was o r ig in a l ly  
a t  frequency  Vp = v ( l  + where AV i s  th e  v e lo c i ty  d if f e r e n c e  and 
i s  a t  most 'v.Ol f o r  th e  r a d i i  c o n s id e red . Thus, th e  r a d ia t io n  in  th e  
l in e  from th e  pho tosphere  i s  changed by th e  f a c to r  B^^/B^, where B  ̂ i s  
th e  blackbody in t e n s i t y .  For th e  low tem p e ra tu res  a t  l a t e r  tim e s , t h i s  
r a t i o  i s  rough ly  g iven  by
B^^/B^ = (VD/v)®exp[h(V -Vp)/k'Bp] - Eq. 59
which i s  in c re a s in g ly  le s s  th an  u n i ty  as r ,  and th u s  AV, in c re a s e s .  
F ig u res  6 and 7 show t /t ' fo r  th e  same two l in e s  in  t h i s  model.
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Figure 7. Si I I  A4130, isothermal, xH,He
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At th e  e a r l i e s t  tim e s , th e  p re d ic te d  t a re  too  la rg e  and in c re a s in g ly  
so a s  r  in c re a s e s .  This i s  due to  th e  breakdown o f  th e  assum ption 
th a t  th e  io n iz a t io n  from th e  ground le v e l  i s  i n s ig n i f i c a n t .  I t  a c tu a l ly  
c o n tr ib u te s  about 40% o f  th e  io n iz a t io n  a t  th o se  tim es so t h a t  th e  io n ­
iz a t io n  i s  rough ly  p ro p o r tio n a l to  in s te a d  o f  s in ce  th e  d i lu t io n  
f a c to r  e n te r s  io n iz a t io n  from th e  ground le v e l o n ly  th rough  th e  p h o to ­
io n iz a t io n  r a t e .  The r e s u l t  i s  t h a t  th e  io n iz a t io n  i s  g r e a te r  th an  
p re d ic te d  and , s in ce  th e  h ig h e r  io n iz a t io n  s ta g e s  o f  Si a re  dominant 
a t  th e se  tim e s , th e  d e n s ity  o f  S i I I  i s  l e s s .  This d e c rea se s  a l l  l in e  
o p t ic a l  d ep th s .
At in te rm e d ia te  tim es , th e  p re d ic te d  T a re  too  sm all and in c re a s ­
in g ly  so as r  in c re a s e s . By th e s e  tim e s , th e  co o lin g  envelope has 
d ecreased  th e  io n iz a t io n  enough so t h a t ,  even though S i I I I  i s  th e  
dominant io n , th e  ground le v e l  p o p u la tio n  o f  S i I I  i s  la rg e  enough to  
cause th e  ground continuum to  become o p t ic a l ly  th ic k .  T his means th a t  
th e  io n iz in g  ra d ia t io n  must come from e x c ite d  le v e l s .  Many o f  th e se  
le v e ls  a re  pop u la ted  as  d e sc rib e d  by E quation 49 so th a t  some f r a c t io n  
o f  th e  io n iz in g  r a d ia t io n  has e f f e c t iv e ly  been d i lu te d  th re e  tim es 
r a th e r  th a n  tw ic e . Thus, th e  a c tu a l  io n iz a t io n  i s  l e s s ,  and a l l  l i n e  
s t re n g th s  a re  g r e a te r ,  than  p re d ic te d . T his does n o t occu r a t  r= l s in c e  
th e  continuum  o p tic a l  depth  i s  assumed to  be zero  th e re .
The reaso n  t / t ' in c re a s e s  w ith  in c re a s in g  ra d iu s  a t  th e se  i n t e r ­
m ediate  tim es i s  due to  th e  e f f e c t  o f  th e  D oppler s h i f t ,  s im ila r  to  
th a t  d e sc rib e d  e a r l i e r .  However, he re  th e  e f f e c t  i s  in  th e  continuum 
r a d ia t io n  and i s  much la r g e r .  From E quations 16, 20, and 29 and u s in g
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th e  v ”  ̂ dependence o f  th e  p h o to io n iz a tio n  c r o s s - s e c t io n s ,  we see  t h a t ,  
f o r  an o p t i c a l l y  th in  continuum , we can form th e  r a t i o  o f  p h o to io n iz a ­
t io n  r a t e s
where th e  s u b s c r ip t  and s u p e r s c r ip t  D r e f e r s  to  th e  D o p p le r-sh if te d  
c a se . One o f  th e  p r in c ip le  io n iz in g  le v e l s  a t  th e se  tim es i s  th e  3p^ 
le v e l ,  fo r  which th e  continuum b e g in s  a t  hv = 76,000 cm"* and, s in c e  
kT < 8000 cm” * h e re , we f in d  hv/kT > 9 . T h e re fo re , th e  num erator and 
denom inator o f  E quation 60 can be approxim ated  by ex p o n en tia l in t e g r a l s  
which, in  tu r n ,  can be ap p ro x im ate ly  e v a lu a te d  so t h a t
^ V/Voexp[hCv -  Vp^/kT] Eq. 61
Allow ing th e  frequency  to  be in c re a se d  one p e rc e n t by th e  D oppler s h i f t  
and in s e r t i n g  th e  a p p ro p r ia te  te m p e ra tu re s  and frequency , we see  th a t  
a t  r= 1 .4 , t h i s  r a t i o  can be as low as  .85 fo r  t - t o  = 10 days and as 
low as ,75 f o r  t - t o  = 25 days. The main re a so n  th e  l in e s  a re  n o t as 
g r e a t ly  a f f e c te d  a s  th e  continuum i s  th a t  hv i s  much sm a lle r fo r  them.
At th e  l a t e s t  tim e s , t / t ’ i s  n e a r ly  u n i ty  w ith a s l ig h t  tendency  to  
d ecrease  w ith  in c re a s in g  r .  S i I I  i s  th e  dominant io n  h e re , and th e  
e f f e c t s  due to  io n iz a t io n  d i f f e r e n c e s  become m inim al. R a th er, th e r e  i s  
a s l i g h t  d ecrease  in  th e  e x c i ta t io n  (from  th e  ground le v e l]  o f  th e  
low er le v e l s  o f  th e  t r a n s i t i o n .  (R eca ll t h a t  t ^ ĵ  i s  roughly  p ro p o r­
t io n a l  to  th e  p o p u la tio n  o f  th e  low er l e v e l . ]  The energy d if f e r e n c e s  
fo r  th e s e  e x c i ta t io n s  a re  much g r e a te r  th a n  th o se  in  th e  l i n e s ,  so th e  
e f f e c t  i s  more n o tic e a b le  th an  th e  s l i g h t  e f f e c t  found in  th e  source  
fu n c tio n s . N o tice  t h a t ,  as ex p ec ted , th e  e f f e c t  i s  g re a te r  f o r  th e
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h ig h e r  ly in g  3d le v e l a s so c ia te d  w ith  th e  X4130 t r a n s i t i o n  th an  fo r  
th e  4s le v e l  a s s o c ia te d  w ith  th e  X63S5 t r a n s i t i o n .
I f  we now look a t  th e  source  fu n c tio n  r a t i o s  f o r  hydrogen in  a 
d i l u t e ,  iso th e rm a l model f o r  Type I I  su p em o v ae , we f in d  l i t t l e  new. 
F igu res 8 th rough  11 g ive  S /S ' fo r  th e  f i r s t  fo u r Balmer l in e s  beg in n in g  
w ith  Ha. The p lo t te d  numbers now r e f e r  to  th e  tim es r e l a t i v e  to  maxi­
mum l i g h t  g iven  in  T able I I  w ith  '1 '  r e f e r r in g  to  t - t o  = 0 days. The 
c a lc u la te d  so u rce  fu n c tio n s  a t  e a r ly  tim es a re  no t as d is c re p a n t from 
th o se  p re d ic te d  as was th e  case fo r  S i I I .  (Compare F ig u res  8 and 4 .)  
This i s  due to  th e  f a c t  th a t  we s t a r t  th e  Type I models b e fo re  maximum 
l ig h t  a t  a  tem p era tu re  which i s  g r e a te r  th an  fo r  th e  Type I I  models 
a t  maximum l i g h t .  The low er tem pera tu re  f o r  th e  e a r l i e s t  tim es con­
s id e re d  in  th e  Type I I  models causes le s s  d i r e c t  p o p u la tio n  o f  th e  
upper l e v e l s .  At l a t e  tim e s , S /S ' i s  n ea r u n i ty  fo r  Ha. However, f o r  
th e  o th e r  Balmer l i n e s ,  S /S ' drops to  n ea r o n e -h a lf .  T his i s  due to  
th e  in f lu e n c e  o f  le v e ls  o th e r  than  n=2 in  p o p u la tin g  th e  upper le v e ls  
o f  th e se  l in e s  and a llo w in g  th e  d i lu t io n  f a c to r  to  e n te r  more than  once. 
The Doppler s h i f t  produces n e g lib le  e f f e c t  f o r  th e se  l in e s  due to  th e  
sm a lle r  v e lo c i ty  g ra d ie n t in  th e  Type I I  envelope .
F igu re  12 shows x /x ' fo r  Ha. S ince a l l  Balmer l in e s  depend on 
th e  p o p u la tio n  o f  n=2 f o r  t h e i r  l in e  o p t ic a l  d e p th s , i t  would be r e ­
dundant to  g ive  x /x ' f o r  th e  o th e r  l in e s  a ls o .  We see e s s e n t i a l ly  th e  
same b eh av io r as observed  f o r  S i I I .  For r  > 1 , th e  o n ly  d if fe re n c e  
found i s  a t  l a t e  tim es where x /x ' does no t f a l l  below u n i ty .  This i s  
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Figure 12. H«, isothermal
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t - t o  = 45 d ay s. T h e re fo re , even though th e  l in e  e x c i t a t io n  i s  somewhat 
le s s  th a n  p re d ic te d  (a s  d e sc rib e d  f o r  S i I I J , t h i s  i s  more th an  c o r ­
re c te d  fo r  by th e  low er io n iz a t io n  a t  t - t o  = 30 days and th e  two b a lan ce  
a t  t - t o  = 45 day s. The odd b eh av io r o f  t / t ’ a t  r= l a t  l a t e  tim es i s  due 
to  th e  a r t i f i c i a l  la c k  o f  any continuum  o p t ic a l  dep th  from th e  ground. 
T h is in c re a s e s  th e  io n iz a t io n  and feed s  th e  n=2 le v e l v ia  recom bination  
and ca sc ad e s .
N ext, we c o n s id e r  th e  e f f e c t  o f  a tem p era tu re  g ra d ie n t in  th e  en­
v e lo p e , A ccording to  th e  p r e d ic t io n s ,  i t  shou ld  sim ply  d ecrea se  th e
io n iz a t io n  by (T /T  S ince t h i s  i s  in c lu d ed  in  th e  p r e d ic t io n s ,e p
th e  r a t i o s  S /S ' and t / t ' should  not change from th e  iso th e rm a l case  
u n le ss  o th e r  p h y s ic a l e f f e c t s  become im p o rtan t. F igure  13 th rough  21 
show th e  c o u n te rp a r ts  o f  F ig u res  4 th rough  12 in  th e  case  o f  th e  tem per­
a tu re  g ra d ie n t  g iven  by E quation  9, I t  i s  c l e a r  by com parison th a t  
th e  same p h y s ic a l p ro c e sse s  a re  im p o rtan t in  t h i s  case  as were f o r  th e  
iso th e rm a l one. For hydrogen, num erical d i f f i c u l t i e s  were encoun tered  
f o r  t - t o  = 30 days and th e s e  r e s u l t s  a re  n o t a v a i la b le .  However, th e  
g en e ra l agreem ent w ith  th e  iso th e rm a l case  su g g e s ts  no s u rp r is e s  
would have been l i k e l y .
For S i I I  in  Type I supem ovae , an o th e r c o n s id e ra tio n  i s  th e  chem­
ic a l  com position  o f  th e  envelope . As hydrogen and helium  a re  removed 
from th e  m odel, th e  d e n s ity  o f  th e  m e ta ls  must be in c re a se d  to  m a in ta in  
th e  e le c t ro n  d e n s i t i e s  assumed a t  maximum l i g h t .  The s t r e n g th  o f  th e  
l in e s  i s  n o t only  a f f e c te d  th rough  th e  t o t a l  S i d e n s i ty ,  bu t a lso  by 























Figure 15. Si I I  A63S5, non-isotheroiol, xH,He
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Figure 21. Ha, non-isothermol
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tim e and ra d iu s  and by changes in  th e  mix o f  escape p r o b a b i l i t i e s .
The e le c t r o n  d e n s i t i e s  a f f e c t  th e  le v e l  p o p u la tio n s  m ostly  th rough  r e ­
com bination  w h ile  a  change in  th e  mix o f  escape p r o b a b i l i t i e s  can a f f e c t  
e x c i t a t io n .  The e f f e c t  o f  v a ry in g  chem ical com position  was exp lo red  
in  th e  n o n -iso th e rm a l models s in ce  th e y  a re  l i k e l y  to  be more r e a l i s t i c .
F ig u res  22 and 23 g ive  S /S ' f o r  th e  A635S and X4130 t r a n s i t io n s  
in  th e  model w ith  no hydrogen. F ig u res  24 and 25 show th e  c o u n te rp a r ts  
f o r  th e  model w ith  s o la r  abundance, w h ile  F ig u res  13 and 14 show th e  
c o u n te rp a r ts  f o r  th e  model w ithou t hydrogen and he liu m . There a re  v e ry  
few d i f f e r e n c e s .  At th e  tim e marked '3 '  ( t - to  = 5 days} , th e re  i s  some 
change in  S /S ' fo r  A6355 due to  a change in  th e  mix o f  escape p ro b a b i l­
i t i e s .  The upper le v e l  (4p ^P°) o f  t h i s  t r a n s i t i o n  i s  a lso  connected 
to  th e  3p^ le v e l  v ia  a  l in e  a t  3858 Â,  Because th e  o s c i l l a t o r  
s t r e n g th  f o r  t h i s  t r a n s i t i o n  i s  sm a lle r  th an  fo r  th e  X6355 t r a n s i t i o n ,  
a s  th e  S i d e n s i ty  i s  in c re a se d  th e  escape  p r o b a b i l i ty  fo r  X6355 
d ecrea se s  b e fo re  t h a t  f o r  X3858. This means th e  p o p u la tio n  o f  th e  
upper le v e l  i s  more l i k e l y  to  be d ecreased  by th e  escape o f  X3858 
photons as th e  S i d e n s i ty  i s  in c re a se d  and t h i s  d e c rea se s  th e  source  
fu n c tio n . At tim e s  b e fo re  o r  a f t e r  t h i s ,  th e s e  two escape p r o b a b i l i t i e s  
a re  b o th  la rg e  o r  b o th  sm all so th a t  t h i s  e f f e c t  does n o t o ccu r.
The e f f e c t  o f  v a ry in g  chem ical com position  on th e  l in e  o p t ic a l  
d e p th s , a lth o u g h  somewhat more n o t ic e a b le ,  i s  a ls o  f a i r l y  sm a ll. The t / t ' 
co rresp o n d in g  to  th e  case  w ith o u t hydrogen and helium  shown in  F ig u res  
15 and 16 a re  g iv en  in  F igu res 26 and 27 fo r  th e  case  w ithou t hydrogen 




















Figure 23. Si I I  M l30, non-isolhermal, xH
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Figure 24. Si I I  16355, non-isothermal, solar
65
I.l




1.2 1.41.0 1 .1















Figure 28. Si I I  )6355, non-isothermal^ so lor
69
-
Figure 29. Si I I  M l30, non-isothermal, so lar
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26 and 28, we see  th a t  a t  th e  e a r l i e s t  and l a t e s t  tim es th e re  i s  no 
e f f e c t  fo r  th e  X6355 t r a n s i t i o n .  At in te rm e d ia te  tim e s , in c re a s in g  th e  
S i d e n s i ty  in c re a s e s  th e  continuum o p t ic a l  dep th  from th e  ground, th u s  
d e c rea s in g  th e  io n iz a t io n .  This in c re a s e s  th e  d e n s i ty  o f  S i I I ,  as  
long as h ig h e r  io n iz a t io n  s tag e s  dom inate, in c re a s in g  a l l  l in e  o p t ic a l  
d e p th s . For th e  case  o f  no hydrogen shown in  F ig u re  26, helium  i s  th e  
dominant e le c tro n  source  and i t  recom bines by t - t o  = 15 days. The r e ­
s u l t in g  d ec rea se  in  e le c tro n  d e n s ity  causes S i I I I  to  be th e  dominant 
io n . For th e  o th e r  two com positions, th e  e le c t r o n  d e n s ity  rem ains 
la r g e r  and S i I I  and S i I I I  have ro u g h ly  equal d e n s i t i e s .  This e x p la in s  
th e  changing b e h av io r o f  S /S ' due to  v a ry in g  chem ical com position a t  
th e  tim e marked 'S ' .  Comparison o f  F ig u res  16, 27 and 29 fo r  th e  X4130 
t r a n s i t i o n  show th e  same e f f e c t s .  Small d i f f e r e n c e s  a re  due to  m inor 
d if f e r e n c e s  in  th e  e x c i ta t io n  o f  th e  low er le v e l s  f o r  th e  X4130 and 
X6355 t r a n s i t i o n s .
D iscontinuous O pacity  Model 
Num erical d i f f i c u l t i e s  were encoun tered  in  so lv in g  th e  s e t  o f  s i ­
m ultaneous e q u a tio n s  fo r  t h i s  model, so o n ly  a b r i e f  d isc u ss io n  w i l l  
be g iv en . S o lu tio n s  were o b ta in ed  fo r  hydrogen in  Type I I  envelopes 
fo r  tim es up to  IS days p a s t  maximum l i g h t .  The c u to f f  frequency , V^, 
cou ld  have re a so n a b ly  been chosen anywhere betw een 7.5x10^* Hz and 
1x10^® Hz, co rre sp o n d in g  to  4000 X and 3000 X r e s p e c t iv e ly .  The Balmer 
continuum  b eg in s  a t  v = 8.2x10*^ Hz, so choosing  = 8x10%^ Hz in c lu d e s  
th e  Balmer and Lyman continuum and l in e s  in s id e  th e  photosphere  w h ile  
a l l  o th e r  l in e s  and co n tin u a  a re  t r e a te d  in  th e  d i lu te  c ase . This p ro ­
cedure  was ad op ted .
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The source  fu n c tio n  r a t i o s  f o r  th e  f i r s t  fo u r Balmer l in e s  a re  
shown in  F ig u res  30 th rough  33 u s in g  th e  same n o ta tio n  as p re v io u s ly  
fo r  hydrogen. The l in e  o p t ic a l  dep th  r a t i o s  f o r  Ha a re  shown in  F igure  
34. The p r in c ip a l  reason  f o r  th e  b e h av io r o f  bo th  th e  source  fu n c tio n  
and th e  l in e  o p t ic a l  depths i s  th a t  th e  n=2 le v e l i s  overp o p u la ted  w ith  
re s p e c t  to  a l l  o th e r  le v e l  p o p u la tio n s  n e a r  th o se  o f  LTE on th e  average 
s in c e  th e se  l in e s  a re  in s id e  th e  p h o to sp h ere . However, l in e s  which 
have s ig n i f i c a n t  escape  p r o b a b i l i t i e s  w il l  ten d  to  o v e rp o p u la te  th e  
low er le v e l  o f  th e  t r a n s i t i o n  as photons a re  l o s t .  At th e  e a r l i e s t  t im e s , 
th e  la r g e r  e le c t r o n  d e n s i ty  causes l a r g e r  c o l l i s io n a l  r a t e s  o u t o f  th e  
upper l e v e l s ,  keep in g  th e  escape p r o b a b i l i ty  low fo r  t r a n s i t io n s  among 
them and keep ing  t h e i r  p o p u la tio n s  n e a r  th o se  o f  LTE. However, th e  
escape p r o b a b i l i t i e s  o f  low er le v e ls  a re  n o t as a f fe c te d  by c o l l i s io n s  
and a re  s ig n i f i c a n t  f o r  Ha and Paschen a  a llo w in g  an o v e rp o p u la tio n  
o f  th e  n=2 and n=3 le v e l s .  As tim e in c re a s e s ,  th e  expanding, c o o lin g  
envelope causes th e  e le c t ro n  d e n s i t ie s  to  d ro p , in c re a s in g  th e  escape 
p r o b a b i l i t i e s  in  t r a n s i t i o n s  among th e  upper l e v e l s .  This causes th e  
upper le v e ls  to  become more o v erp o p u la ted  and d ecreases  th e  overpop­
u la t io n  o f  th e  low er le v e ls  s in ce  th e  Lyman l in e s  s t i l l  tend  to  en fo rc e  
th e  average p o p u la tio n s  fo r  n^2 to  be n e a r  LTE.
Accuracy
Now th a t  w e 'v e  seen th e  r e s u l t s ,  how a c c u ra te  a re  they?  As d i s ­
cussed  e a r l i e r ,  r a d ia t iv e  r a te s  dom inate in  th e  l in e s  o f  i n t e r e s t .  
In sp e c tio n  o f  th e  r a t e s  in  a l l  o th e r  t r a n s i t i o n s  shows t h a t ,  w ith  a 






Figure 30. discontinuous opacity
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Figure 32. H y, discontinuous opacity
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Figure 34. Ha, discontinuous opacity
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accuracy  o f  th e  r e s u l t s  depend on th e  accuracy  o f  th re e  th in g s :  th e
o s c i l l a t o r  s t r e n g th s ,  th e  p h o to io n iz a tio n  c ro s s - s e c t io n s  and th e  con­
vergence accu racy .
For hydrogen, th e  o s c i l l a t o r  s tre n g th s  shou ld  be a c c u ra te  to  w ith ­
in  1% [W iese, e t . a l . ,  1969], and th e  p h o to io n iz a tio n  c ro s s - s e c t io n s  
a re  a c c u ra te  to  10% due to  th e  Gaunt f a c to r s  used  [A llen , 1973], The 
o s c i l l a t o r  s t r e n g th s  f o r  Si I I  a re  le s s  a c c u ra te ly  known. Those o f  
th e  s t ro n g e s t  t r a n s i t i o n s  a re  p ro b ab ly  a c c u ra te  to  25% [W iese, e t . a l ,  
1969], w h ile  f o r  weaker t r a n s i t i o n s ,  e r ro r s  by f a c to r s  o f  f iv e  may n o t 
be u n u su a l. I t  i s  d i f f i c u l t  to  a s s e s s  the  accu racy  o f  th e  p h o to io n iz a ­
t io n  c ro s s - s e c t io n s  f o r  S i I I .  S ince  a c ro s s - s e c t io n  o f  a  few tim es 
10*^® cm  ̂ i s  o rd in a ry , o rd e r  o f  m agnitude e r r o r s  a re  q u i te  u n l ik e ly .
On th e  a v e rag e , th e se  c ro s s - s e c t io n s  a re  p ro b ab ly  a cc u ra te  w ith in  a 
f a c to r  o f  two o r  th r e e .
The convergence accu racy  was te s t e d  by ap p ly in g  a more s t r in g e n t  
requ irem en t th an  normal to  sample c a s e s . By re q u ir in g  th e  change in  
a l l  p o p u la tio n s  to  be le s s  than  0.001 r a th e r  th an  0 .0 1 , th e  r e s u l t s  
were a f fe c te d  by le s s  than  1%.
The o v e ra l l  accu racy  o f  th e  r e s u l t s ,  th e n ,  i s  l im ite d  by th e  ac­
curacy  o f  th e  p h o to io n iz a tio n  c r o s s - s e c t io n s .  For hydrogen, th e  r e s u l t s  
should  be a c c u ra te  to  w ith in  10%, w h ile  fo r  S i I I  any r e s u l t s  which 
depend on th e  io n iz a t io n  may be o f f  by f a i r l y  la rg e  f a c to r s .  However, 
th e  s i m i l a r i t i e s  between th e  r e s u l t s  f o r  S i I I  and hydrogen su g g est 
th a t  th e  accuracy  fo r  S i I I  i s  w ith in  50%.
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C onclusions
The main q u e s tio n  to  be answered h e re  was w hether crude e s tim a tio n s  
could  produce re a so n a b ly  a c c u ra te  le v e l p o p u la tio n s  in  supernova en­
v e lo p es , S ince th e  s p e c tra  a re  n o t w ell u n d ers to o d , c e r ta in ly  a f a c to r  
o f  two i s  q u i te  " re a so n a b le  acc u ra cy ."  For th e  d i lu te  m odels, a l l  o f  
th e  c a lc u la te d  sou rce  fu n c tio n s  and l in e  o p t ic a l  dep ths w ere, w ith  a 
few e x ce p tio n s , w ith in  a f a c to r  o f  two o f  th o se  p re d ic te d . The d i s ­
continuous o p a c ity  model showed d if fe re n c e s  as la rg e  as f a c to r s  o f  seven 
in  th e  l in e  o p t ic a l  d e p th s . However, t h i s  model i s  an extrem e which 
should  p la c e  upper l im i t s  on th e  d e v ia tio n s  which m ight be found from 
an o p a c ity  which in c re a s e s  un ifo rm ly  w ith  d e c rea sin g  w avelength .
T h e re fo re , c e r t a in ly  fo r  p re d ic t in g  th e  absence o r p re sen ce  o f  
l i n e s ,  th e  crude p re d ic t io n s  can be q u ite  u s e f u l .  Work done along  th e se  
l in e s  [Branch, p r iv a te  communication] has shown g re a t  p rom ise , in d ic a ­
t in g  th a t  th e  d i lu te  models p re d ic t  most s p e c t r a l  fe a tu re s  q u i te  w ell 
w ith  th e  ex cep tio n  o f  th e  Balmer l in e s  in  Type I I  supem ovae . Since 
th e  c a lc u la te d  and p re d ic te d  le v e l  p o p u la tio n s  fo r  hydrogen a re  in  rough 
agreem ent, t h i s  su g g es ts  th a t  th e se  l in e s  a re  formed due to  some phy­
s i c a l  a sp ec t n o t co n sid e red  in  th e  models r a th e r  th an  a la ck  o f  under­
s tan d in g  o f  th e  atom ic p ro c e sses  in v o lv ed .
Line p r o f i l e s  a re  more dependent on th e  v a r ia t io n  o f  S and T w ith  
r a d iu s ,  however. F u tu re  d ir e c t io n s  w il l  in c lu d e  an in v e s t ig a t io n  o f  th e  
p r o f i l e s  produced by th e  a c c u ra te  le v e l p o p u la tio n s .
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